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The zero momentum sectors in effective theories of QCD coupled to pseudoreal (two colors)
and real (adjoint) quarks have alternative descriptions in terms of chiral orthogonal and symplectic
ensembles of random matrices. Using this correspondence, we compute correlation functions of Dirac
operator eigenvalues within a sector with an arbitrary topological charge in a presence of finite quark
masses of the order of the smallest Dirac eigenvalue. These novel correlation functions, expressed
in terms of Pfaffians, interpolate between known results for the chiral and quenched limits as quark
masses vary.
PACS number(s): 05.40.-a, 12.38.Aw, 12.38.Lg
I. INTRODUCTION
Random matrix theory of disordered Hamiltonians
[1,2] relies upon an ansatz that in the ergodic regime
where the system size L is much larger than the elastic
mean free path but much smaller than the localization
length, details of the Hamiltonian are lost except for its
time-reversal and internal symmetries. This ansatz was
materialized by Efetov [3] who derived Wigner-Dyson
statistics out of Anderson tight-binding model by retain-
ing only the zero-momentum mode of his spectral non-
linear σ model (NLσM).
By taking the flavor symmetry among quarks into
consideration as an additional internal symmetry, Ver-
baarschot and collaborators [4–6] have reinterpreted this
wisdom in the context of quantum chromodynamics
(QCD). In this context, the spectral NLσM is a super-
symmetric extension [7,8] of the conventional NLσM over
the coset manifold associated with the chiral symmetry
breaking [9,10]:
Z(2)(θ;M) =
∫
SU(Nf )
dU exp(Re tr eiθ/NfMU †), (1a)
Z(1)(θ;M) =
∫
SU(2Nf )/Sp(2Nf )
dU exp(Re tr eiθ/NfMUJUT /2), (1b)
Z(4)(θ;M) =
∫
SU(Nf )/SO(Nf )
dU exp(Re tr eiθ/(NcNf )MUUT ), (1c)
after retaining only the zero mode. Here the superscripts
(2, 1, 4) of Dyson indices β refer to the anti-unitary sym-
metry of Euclidean Dirac operators (which are considered
as stochastic Hamiltonians) in three classes of QCD [11]:
β = 2 : Nc ≥ 3, Nf fundamental Dirac fermions,
β = 1 : Nc = 2, Nf fundamental Dirac fermions, (2)
β = 4 : Nc ≥ 2, Nf adjoint Majorana fermions.
The rescaled quark mass matrices M are defined as
M = diag (µ1, . . . , µNf ) (β = 2, 4),
M = diag (µ1, . . . , µNf )⊗ J (β = 1), (3)
µi ≡ ΣL4mi, J = 1Nf ⊗ J, J =
(
0 1
−1 0
)
,
with a limit
L→∞, mi → 0, µi : fixed (4)
being assumed, Σ stands for the quark condensate in
the chiral limit, and θ stands for the vacuum angle.
By the same token as the spectral NLσM of the tight-
binding model was derived from a conventional ran-
dom matrix ensembles [12], these NLσMs have an alter-
native derivation from chiral random matrix ensembles
(χRMEs) [4,13]:
Z(β)ν ({m}) =
∫ 2π
0
dθ
2π
e−iνθZ(β)(θ; {m})
=
∫
dW e−β trV (W
†W )
Nf∏
i=1
det
(
mi W
−W † mi
)
, (5)
under a limit
N →∞, mi → 0, µi = πρ¯(0)mi : fixed. (6)
Here the integrals are over complex, real, and quaternion
real (N + ν)×N matrices W for β = 2, 1, 4, respectively,
and ρ¯(0) stands for the large-N spectral density of the
random matrix D =
(
0 W
−W † 0
)
:
ρ¯(λ) = lim
N→∞
〈 tr δ(λ− iD)〉, (7)
at the origin. It is understood for β = 4 that twofold
degenerated eigenvalues in the determinant are only
1
counted once, and the topological charge ν is substi-
tuted by νNc. These χRMEs are motivated by the mi-
croscopic theories (Euclidean QCD) on a lattice, with
a crude simplification of replacing matrix elements of
the anti-Hermitian Dirac operator /D = (∂µ + iAµ)γµ by
random numbers D generated according to the weight
e−β trV (W
†W ). Under this correspondence, the micro-
scopic limit (6) is equivalent to Leutwyler-Smilga limit
(4), since the size N of the matrix W is interpreted as
the number of cites L4 of the lattice on which QCD is dis-
cretized, and the Dirac spectral density at zero virtuality
ρ¯(0) is related to the quark condensate by Banks-Casher
relation Σ = πρ¯(0)/L4 [14]. Using the χRME represen-
tation, various correlation functions of microscopically
rescaled Dirac eigenvalues,
N →∞, λ→ 0, ζ = πρ¯(0)λ : fixed, (8)
have been computed for all three values of β in the mass-
less case µ ≡ 0 [15–23]. On the other hand, in a pres-
ence of finite µ’s, Dirac eigenvalues comparable to µ’s
are expected to obey statistics that interpolate the chiral
(µ→ 0) and quenched limits (µ→∞ or Nf = 0). These
novel spectral correlation functions have been analyti-
cally computed, until recently, solely for the chiral uni-
tary (β = 2) ensemble [24–29]. Therefore we aim to treat
the remaining cases, chiral orthogonal (β = 1) and sym-
plectic (β = 4) ensembles with finite mass parameters,
and compute Dirac eigenvalue correlation functions for
these ensembles. We anticipate that advances in numer-
ical simulations of lattice QCD with dynamical quarks
[30,31] will confirm our analytical results, Eqs.(48) and
(53) below, in a foreseeable future.
This Article is organized as follows. In Sect. 2 we
compute the correlation functions for the chiral orthog-
onal ensemble, by utilizing the quaternion determinant
method developed in Ref. [32]. In Sect. 3 we exhibit an
explicit form of the correlation functions for the chiral
symplectic ensemble, which was obtained by the Authors
[33] as a corollary to the computation of the partition
function. In Appendix A we collect definitions related to
a quaternion determinant. In Appendices B and C we
present alternative expressions of the quaternion kernels
for the orthogonal ensemble, and the symplectic ensem-
bles with quadruply degenerated masses, respectively. It
enables us to identify our results with those in a paper
by Akemann and Kanzieper [34], which appeared after
the Letter by the present Authors [33] and computed a
1-level correlator with a single mass (for β = 1) and p-
level correlators with quadruply degenerate masses (for
β = 4).
II. ORTHOGONAL ENSEMBLE
We start by expressing the partition function (5) of the
χRME in terms of eigenvalues xi = λ
2
i of the Wishart
matrix W †W (up to an overall constant):
Z(β)ν ({m}) =
( α∏
i=1
mνi
)
Ξ0({m}),
Ξ0({m}) = 1
N !
∫ ∞
0
· · ·
∫ ∞
0
N∏
j=1
dxj P ({x}; {m}), (9)
P ({x}; {m}) =
N∏
j=1
(
e−βV (xj)x
β ν+1
2
−1
j
α∏
i=1
(xj +m
2
i )
)
×
N∏
j>k
|xj − xk|β . (10)
The indices β and ν are suppressed for simplicity. Since
the partition function (5) is even under ν 7→ −ν, we have
set ν non-negative integer, without loss of generality. The
p-level correlation function of the Wishart matrix W †W
is defined as
σ(x1, . . . , xp; {m}) = Ξp(x1, . . . , xp; {m})
Ξ0({m}) , (11)
Ξp(x1, . . . , xp; {m}) =
1
(N − p)!
∫ ∞
0
· · ·
∫ ∞
0
N∏
j=p+1
dxj P ({x}; {m}). (12)
Then the p-level correlation function of the block off-
diagonal Hermitian matrix iD,
ρ(λ1, . . . , λp; {m}) = 〈
p∏
k=1
tr δ(λk − iD)〉, (13)
is expressed in terms of σ multiplied by the Jacobian of
the transformation λ 7→ x = λ2 :
ρ(λ1, . . . , λp; {m}) = 2p
p∏
j=1
|λj |σ(λ21, . . . , λ2p; {m}). (14)
As the universality of correlation functions of the uni-
tary ensemble in the microscopic limit (8) [35–37,26] is
known to inherit to those of orthogonal and symplectic
ensembles [38,39], it suffices to concentrate on Laguerre
ensembles, V (x) = x. This leads to Wigner’s semi-circle
law
ρ¯(λ) =
2
π
√
2N − λ2. (15)
Now we concentrate on β = 1, and define new variables
zj as
zj =
{ −m2j (≤ 0), j = 1, . . . , α,
xj−α (≥ 0), j = α+ 1, . . . , α+N. (16)
Then the multiple integral (12) is expressed as
Ξp(z1, . . . , zα+p)=
1∏α
j=1
√
w(zj)
∏α
j>k | zj − zk |
× (17)
1
(N − p)!
∫ ∞
0
· · ·
∫ ∞
0
α+N∏
j=α+p+1
dzj
α+N∏
j=1
√
w(zj)
α+N∏
j>k
| zj − zk |,
2
where
w(z) = |z|ν−1e−2z. (18)
Eq.(17) resembles an (α+ p)-level correlation function of
the conventional (massless) Laguerre ensemble with α+
N levels. However, conventionally the levels z1, . . . , zα+p
are all positive, while in the present case some of them
(z1, . . . , zα) are negative. We carefully incorporate this
fact into the following evaluation.
Let us denote the integrand in Eq.(17) as
p(z1, . . . , zγ) =
γ∏
j=1
√
w(zj)
γ∏
j>k
| zj − zk |, (19)
with γ ≡ α+N . It can be readily seen that
p(z1, . . . , zγ) =
γ∏
j=1
√
w(zj)
γ∏
j>k
(zj − zk)× (20)


Pf[sgn(zk − zj)]j,k=1,...,γ (γ : even)
Pf
[
[sgn(zk − zj)]j,k=1,...,γ [gj ]j=1,...,γ
[−gk]k=1,...,γ 0
]
(γ : odd),
with gj = gk = 1. The Pfaffians in the above can be rep-
resented as quaternion determinants [40–42,22,23,32,43].
In doing so, we need to introduce monic skew-orthogonal
polynomials Rn(z) = z
n + · · ·, which satisfy the skew-
orthogonality relation:
〈R2n, R2m+1〉R = −〈R2m+1, R2n〉R = rnδnm, others = 0,
(21)
where
〈f, g〉R =
∫ ∞
0
dz
√
w(z)g(z)
∫ z
0
dz′
√
w(z′)f(z′)− (f ↔ g),
(22)
and (integrated) ‘wave functions’,
Ψn(z) =
√
w(z)Rn(z), (23a)
Φn(z) =
∫ ∞
0
dz′ sgn(z − z′)
√
w(z′)Rn(z
′). (23b)
Note that for negative z, Φn(z) is a constant:
Φn(z < 0) = Φn(0) ≡ −sn. (24)
Now we present the following theorems:
Theorem 1
For even γ, we can express p(z1, . . . , zγ) as
p(z1, · · · , zγ) =
(γ/2−1∏
j=0
rj
)
Tdet[f(zj, zk)]j,k=1,...,γ . (25)
The quaternion elements f(z, z′) are represented as
f(z, z′) =
[
S(z, z′) I(z, z′)
D(z, z′) S(z′, z)
]
. (26)
The functions S(z, z′), D(z, z′) and I(z, z′) are given by
S(z, z′)=
γ/2−1∑
n=0
Φ2n(z)Ψ2n+1(z
′)−Φ2n+1(z)Ψ2n(z′)
rn
, (27a)
D(z, z′)=
γ/2−1∑
n=0
Ψ2n(z)Ψ2n+1(z
′)−Ψ2n+1(z)Ψ2n(z′)
rn
,(27b)
I(z, z′)=
γ/2−1∑
n=0
Φ2n(z)Φ2n+1(z
′)−Φ2n+1(z)Φ2n(z′)
rn
. (27c)
Theorem 2
For odd γ, we can express p(z1, . . . , zγ) as
p(z1, . . . , zγ) = (28)([γ/2]−1∏
j=0
rj
)
sγ−1Tdet[f
odd(zj , zk)]j,k=1,...,γ .
The quaternion elements are represented as
fodd(z, z′) =
[
Sodd(z, z′) Iodd(z, z′)
Dodd(z, z′) Sodd(z′, z)
]
(29)
and sn is defined in Eq.(24). The functions S
odd, Dodd,
and Iodd are given in terms of S, D, and I in Theorem 1
according to
Sodd(z, z′) = S(z, z′)
∣∣∣
∗
+
Ψγ−1(z
′)
sγ−1
, (30a)
Dodd(z, z′) = D(z, z′)
∣∣∣
∗
, (30b)
Iodd(z, z′) = I(z, z′)
∣∣∣
∗
+
Φγ−1(z)− Φγ−1(z′)
sγ−1
. (30c)
Here ∗ stands for a substitution
Rn(z) 7→ Rn(z)− sn
sγ−1
Rγ−1(z) (31)
for n = 0, . . . , γ−2, associated with a change in the upper
limit of the sum
γ/2− 1 7→ [γ/2]− 1. (32)
Theorem 3
Let the quaternion elements qjk of a selfdual n×n matrix
Qn depend on n real or complex variables z1, · · · , zn as
qjk = f(zj , zk). (33)
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We assume that f(z, z′) satisfies the following conditions.∫
f(z, z)dµ(z) = c, (34)∫
f(z, z′′)f(z′′, z′)dµ(z′′)=f(z, z′)+λf(z, z′)−f(z, z′)λ.
Here dµ(z) is a suitable measure, c is a constant scalar,
and λ is a constant quaternion. Then we have∫
TdetQn dµ(zn) = (c− n+ 1)TdetQn−1, (35)
where Qn−1 is the (n − 1)× (n− 1) matrix obtained by
removing the row and the column which contain zn. It
is straightforward to show that the quaternion element
f(z, z′) and fodd(z, z′) in Theorem 1 and Theorem 2 both
satisfy the conditions imposed on f(z, z′) in Theorem 3
with dµ(z) = w(z)dz. This means that we can write
Ξp(z1, . . . , zα+p)=
∏[(α+N)/2]−1
j=0 rj∏α
j=1
√
w(zj)
∏α
j>k | zj − zk |
× (36)
{
Tdet[f(zj , zk)]j,k=1,...,α+p (α+N : even)
sα+N−1Tdet[f
odd(zj , zk)]j,k=1,...,α+p (α+N : odd)
.
Since the final result in the asymptotic limit N → ∞
should be insensitive to the parity of N , we consider only
even α+N henceforth. Then the p-level correlation func-
tion (11) is finally written as
σ(x1, . . . , xp;m1, . . . ,mα) =
Tdet[f(zj, zk)]j,k=1,...,α+p
Tdet[f(zj, zk)]j,k=1,...,α
.
(37)
Now we proceed to take the asymptotic limit of the
correlation function, by making use of explicit forms for
the skew-orthogonal polynomials and their norms associ-
ated with the weight (18) obtained by Nagao and Wadati
[44]:
R2n(z) = − (2n)!
22n+1
d
dz
L
(ν−1)
2n+1 (2z),
R2n+1(z) = − (2n+ 1)!
22n+1
L
(ν−1)
2n+1 (2z) (38)
− (2n)!
22n+2
(2n+ ν)
d
dz
L
(ν−1)
2n (2z),
rn = 2
−4n−ν(2n)!(2n+ ν)! ,
expressed in terms of the Laguerre polynomials
L(a)n (z) =
z−aez
n!
dn
dzn
(e−zzn+a). (39)
We need to evaluate the local asymptotics of the quater-
nion function f(z, z′), whose constituent Laguerre poly-
nomials tend to
L(a)n (z) ∼
{
(n/z)
a/2
Ja(2
√
nz) (z > 0)
(n/|z|)a/2 Ia(2
√
n|z|) (z < 0) , (40)
as n→∞, z → 0, with nz : fixed. Three cases should be
considered separately:
(a) z, z′ > 0, (b) z < 0, z′ > 0, (c) z, z′ < 0
(the case z > 0, z′ < 0 is unnecessary because of the
selfduality f(z, z′) = fˆ(z′, z)).
(a) z, z′ > 0
We define microscopic variables ζ and ζ′ as
z =
ζ2
8N
, z′ =
ζ′
2
8N
, (41)
according to Eq.(8) with πρ¯(0) = 2
√
2N . If both argu-
ments are positive, the asymptotic limit is known to be
[22]
S++(ζ, ζ
′) ≡ 1
8N
S(z, z′) ∼ 1
4
∫ 1
0
dt t2
∫ ζ
0
ds
(
s Jν−1(ts)
Jν(tζ
′)
ζ′
− Jν(ts)Jν−1(tζ′)
)
+
Jν(ζ
′)
4ζ′
, (42a)
D++(ζ, ζ
′) ≡ 1
(8N)2
D(z, z′) ∼ 1
16
∫ 1
0
dt t2
(
Jν−1(tζ)
Jν(tζ
′)
ζ′
− Jν(tζ)
ζ
Jν−1(tζ
′)
)
, (42b)
I++(ζ, ζ
′) ≡ I(z, z′) ∼ −
∫ 1
0
dt t2
∫ ζ
0
du
∫ ζ′
0
dv
(
u Jν−1(tu)Jν(tv)− Jν(tu)v Jν−1(tv)
)− ∫ ζ′
ζ
Jν(u)du− sgn(ζ − ζ′).
(42c)
(b) z < 0, z′ > 0
We define microscopic variables µ and ζ as
z = − µ
2
8N
, z′ =
ζ2
8N
, (43)
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according to Eqs.(6) and (8). When one of the arguments is negative, the identity (24) should be taken into consid-
eration. We find
S−+(µ, ζ) = S+(ζ) ≡ 1
8N
S(z, z′) ∼ Jν(ζ)
4ζ
, (44a)
S+−(ζ, µ) ≡ 1
8N
S(z′, z) ∼ 1
4
∫ 1
0
dt t2
∫ ζ
0
ds
(
s Jν−1(ts)
Iν(tµ)
µ
− Jν(ts)Iν−1(tµ)
)
+
Iν(µ)
4µ
, (44b)
D−+(µ, ζ) ≡ 1
(8N)2
D(z, z′) ∼ 1
16
∫ 1
0
dt t2
(
Iν−1(tµ)
Jν(tζ)
ζ
− Iν(tµ)
µ
Jν−1(tζ)
)
, (44c)
I−+(µ, ζ) = I+(ζ) ≡ I(z, z′) ∼ −
∫ ζ
0
Jν(u)du+ 1. (44d)
(c) z, z′ < 0
We define microscopic variables µ and ζ as
z = − µ
2
8N
, z′ = −µ
′2
8N
. (45)
We can readily derive
S−−(µ, µ
′) = S−(µ
′) ≡ 1
8N
S(z, z′) ∼ Iν(µ
′)
4µ′
, (46a)
D−−(µ, µ
′) ≡ 1
(8N)2
D(z, z′) ∼ 1
16
∫ 1
0
dt t2
(
Iν−1(tµ)
Iν(tµ
′)
µ′
− Iν(tµ)
µ
Iν−1(tµ
′)
)
, (46b)
I−−(µ, µ
′) ≡ I(z, z′) ∼ sgn(µ− µ′). (46c)
In Eqs.(44a), (44d), and (46a), we have introduced symbols with one sign subscript (e.g. S+) in order to indicate
that they depend only on the second arguments of those with two sign subscripts (e.g. S−+).
The scaled correlation function ρs is defined as
ρs(ζ1, . . . , ζp;µ1, . . . , µα) =
1
(8N)p
ρ(
ζ1√
8N
, . . . ,
ζp√
8N
;
µ1√
8N
, . . . ,
µα√
8N
). (47)
By making use of Eqs.(14), (37), and Dyson’s equality (A6), we finally obtain
ρs(ζ1, . . . , ζp;µ1, . . . , µα)= (−1)p(p−1)/22p
p∏
k=1
|ζk|
Pf


−I−− S−− −I−+ S−+
−ST−− D−− −ST+− D−+
IT−+ S+− −I++ S++
−ST−+ −DT−+ −ST++ D++


Pf
[ −I−− S−−
−ST−− D−−
]
= (−1)p(p−1)/22p
p∏
k=1
|ζk|
Pf

 D−− −ST+− D−+S+− −I++ S++
−DT−+ −ST++ D++


Pf [D−−]
(α : even) (48a)
= (−1)p(p−1)/22p
p∏
k=1
|ζk|
Pf


0 S− −I+ S+
−ST− D−− −ST+− D−+
IT+ S+− −I++ S++
−ST+ −DT−+ −ST++ D++


Pf
[
0 S−
−ST− D−−
] (α : odd). (48b)
The elements of the matrices Sǫǫ′ , Dǫǫ′, Iǫǫ′ and the row vectors Sǫ, Iǫ (ǫ, ǫ
′ = +,−) in the above are defined as
5
(S++)kℓ = S++(ζk, ζℓ), (S−+)iℓ = S−+(µi, ζℓ), (S−−)ij = S−−(µi, µj), (S+)ℓ = S+(ζℓ), (S−)j = S−(µj), etc., (49)
where the subscripts take their values in i, j = 1, . . . , α and k, ℓ = 1, . . . , p. In the last two lines we have exploited a
Pfaffian identity that holds for antisymmetric matrices A, B, and a row vector v:
Pf

 A
v
...
v
−vT · · · − vT B

 = Pf[A] Pf[B] (rank(A), rank(B) : even) (50a)
= Pf

 A
1
...
1
−1 · · · − 1 0

Pf
[
0 v
−vT B
]
(rank(A), rank(B) : odd). (50b)
In a special case p = α = 1, the expression (48b) reduces to Akemann and Kanzieper’s recent result [34] (see Appendix
B).
In the quenched limit µ1, . . . , µα → ∞ when the ratio of two Pfaffians is replaced by a minor Pf
[
−I++ S++
−ST
++
D++
]
,
the correlation function tends to that of Laguerre orthogonal ensemble computed by Nagao and Forrester, Eqs.(2.21),
(2.18), (2.19), and (3.20) in Ref. [22], with ν = 2a+ 1. By the same token, it satisfies a sequence
ρs({ζ};µ1, . . . , µα) µα→∞−→ ρs({ζ};µ1, . . . , µα−1) µα−1→∞−→ ρs({ζ};µ1, . . . , µα−2) µα−2→∞−→ · · · , (51)
as each of the masses are decoupled by sending to infinity. To illustrate this decoupling, we exhibit in Fig.1 a plot of
the spectral density ρs(ζ;µ) (ν = 0, p = 1, α = 1) that interpolates between known results for the chiral and quenched
limits.
III. SYMPLECTIC ENSEMBLE
Although correlation functions of the massive chiral symplectic ensemble have previously been computed by the
Authors [33], we nevertheless present their explicit expressions for the sake of completeness. We concentrate on the
case with an even Nf (≡ 2α) number of flavors and pairwise degenerated mass parameters, corresponding to adjoint
Dirac fermions in the QCD context. The scaled p-level correlation functions, defined in Eq.(47), is expressed by
construction as a ratio of partition functions with 2α and 2α+ 4p flavors [45,46],
ρs(ζ1, . . . , ζp; {µ}) = C(p)α,ν
p∏
k>ℓ
(ζ2k − ζ2ℓ )4
p∏
k=1
(
|ζk|3
α∏
i=1
(ζ2k + µ
2
i )
2
)Z(4)ν (µ1, µ1, . . . , µα, µα,
4︷ ︸︸ ︷
iζ1, . . . , iζ1, . . . ,
4︷ ︸︸ ︷
iζp, . . . , iζp)
Z
(4)
ν (µ1, µ1, . . . , µα, µα)
.
(52)
Here C
(p)
α,ν stands for a constant to be fixed below. Using an explicit form of the partition function, Eq.(31) of Ref.
[33], and taking confluent limits in ζk’s, we obtain
ρs(ζ1, . . . , ζp; {µ}) = (−1)p(p+1)/22p
p∏
k=1
|ζk|
Pf

 I−− I−+ S−+−IT−+ I++ S++
−ST−+ −ST++ D++


Pf [I−−]
(α : even) (53a)
= (−1)p(p+1)/22p
p∏
k=1
|ζk|
Pf


I−− Q− I−+ S−+
−QT− 0 −QT+ −PT+
−IT−+ Q+ I++ S++
−ST−+ P+ −ST++ D++


Pf
[
I−− Q−
−QT− 0
] (α : odd). (53b)
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The elements of the matrices Sǫǫ′ , Dǫǫ′ , Iǫǫ′ and the column vectors Qǫ, Pǫ (ǫ, ǫ
′ = +,−) in the above are defined as
(I−−)ij = I−−(µi, µj) ≡ µiµj
∫ 1
0
dt t
∫ 1
0
du
(
I2ν(2tµi)I2ν(2tuµj)− I2ν(2tuµi)I2ν(2tµj)
)
,
(I−+)iℓ = I−+(µi, ζℓ) ≡ µiζℓ
∫ 1
0
dt t
∫ 1
0
du
(
I2ν(2tµi)J2ν(2tuζℓ)− I2ν(2tuµi)J2ν(2tζℓ)
)
,
(S−+)iℓ = S−+(µi, ζℓ) ≡ µi
∫ 1
0
dt t2
∫ 1
0
du
(
I2ν(2tµi)u J2ν+1(2tuζℓ)− I2ν(2tuµi)J2ν+1(2tζℓ)
)
,
(I++)kℓ = I++(ζk, ζℓ) ≡ ζkζℓ
∫ 1
0
dt t
∫ 1
0
du
(
J2ν(2tζk)J2ν(2tuζℓ)− J2ν(2tuζk)J2ν(2tζℓ)
)
, (54)
(S++)kℓ = S++(ζk, ζℓ) ≡ ζk
∫ 1
0
dt t2
∫ 1
0
du
(
J2ν(2tζk)u J2ν+1(2tuζℓ)− J2ν(2tuζk)J2ν+1(2tζℓ)
)
,
(D++)kℓ = D++(ζk, ζℓ) ≡
∫ 1
0
dt t3
∫ 1
0
du u
(
J2ν+1(2tζk)J2ν+1(2tuζℓ)− J2ν+1(2tuζk)J2ν+1(2tζℓ)
)
,
(Q−)j = µj
∫ 1
0
dt I2ν(2tµj), (Q+)ℓ = ζℓ
∫ 1
0
dt J2ν(2tζℓ), (P+)ℓ =
∫ 1
0
dt t J2ν+1(2tζℓ),
where the subscripts take their values in i, j = 1, . . . , α
and k, ℓ = 1, . . . , p. The overall constant is determined
as the above by requiring that in the quenched limit
µ1, . . . , µα → ∞ when the ratio of two Pfaffians is re-
placed by a minor Pf
[
I++ S++
−ST
++
D++
]
, the correlation func-
tion tends to that of Laguerre symplectic ensemble com-
puted by Nagao and Forrester, Eqs.(2.27), (2.25), and
(4.7∼9) in Ref. [22] (whose notations are related to ours
via an unfolding change of variables
I++(ζ, ζ
′) = −I4
( ζ2
8N
,
ζ′
2
8N
)
,
S++(ζ, ζ
′) = − 1
8N
S4
( ζ2
8N
,
ζ′
2
8N
)
, (55)
D++(ζ, ζ
′) =
1
(8N)2
D4
( ζ2
8N
,
ζ′
2
8N
)
,
and ν = 2a − 1/2). It is easy to confirm that the cor-
relation functions satisfies the decoupling sequence (51)
as each of the masses are sent to infinity. To illustrate
this decoupling, we exhibit in Fig.2 a plot of the spectral
density ρs(ζ;µ, µ) (ν = 0, p = 1, α = 1) that interpolates
between known results for the chiral and quenched limits.
After the Authors announced the above formula in [33],
Akemann and Kanzieper [34] presented another form of
the asymptotic correlations in a special case of quadruply
degenerate masses. In Appendix C, we shall reproduce
their result as a confluent limit of our formula.
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APPENDIX A: QUATERNION DETERMINANT
A quaternion is defined as a linear combination of four
basic units {1, e1, e2, e3}:
q = q0 + q · e = q0 + q1e1 + q2e2 + q3e3. (A1)
Here the coefficients q0, q1, q2 and q3 are real or complex
numbers. The first part q0 is called the scalar part of
q. The quaternion basic units satisfy the multiplication
laws
1 · 1 = 1, 1 · ej = ej · 1 = ej , j = 1, 2, 3,
e21 = e
2
2 = e
2
3 = e1e2e3 = −1. (A2)
The multiplication is associative and in general not com-
mutative. The dual qˆ of a quaternion q is defined as
qˆ = q0 − q · e. (A3)
For a selfdual N ×N matrix Q with quaternion elements
qjk has a dual matrix Qˆ = [qˆkj ]. The quaternion units
can be represented as 2× 2 matrices
1→
[
1 0
0 1
]
, e1 →
[
0 −1
1 0
]
,
e2 →
[
0 −i
−i 0
]
, e3 →
[
i 0
0 −i
]
. (A4)
We define a quaternion determinant Tdet of a selfdual Q
(i.e., Q = Qˆ) as
TdetQ =
∑
P
(−1)N−l
l∏
1
(qabqbc · · · qda)0, (A5)
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where P denotes any permutation of the indices
(1, 2, . . . , N) consisting of l exclusive cycles of the form
(a → b → c → · · · → d → a) and (−1)N−l is the parity
of P . The subscript 0 means that the scalar part of the
product is taken over each cycle. Note that a quaternion
determinant of a selfdual quaternion matrix is always a
scalar. The quaternion determinant can as well be rep-
resented by the 2N × 2N representation C(Q) [40]:
TdetQ = Pf[JC(Q)], J = 1N ⊗
[
0 1
−1 0
]
. (A6)
APPENDIX B: QUATERNION KERNEL FOR
THE ORTHOGONAL ENSEMBLE
Recently Akemann and Kanzieper [34] derived the
asymptotic correlation function in a special case p = α =
1. Though their result is clearly in agreement with that
special case of ours, there is a difference in the appear-
ance because they adopted alternative asymptotic formu-
las. Their formulas are based on an asymptotic relation
for z, z′ > 0 and ν 6= 1 (see below):
S(z, z′) ∼ 2N
[
2
∫ 1
0
dt t Jν−1(tζ)Jν−1(tζ
′) (B1)
−Jν(ζ
′)
ζ′
(∫ ζ
0
ds Jν−2(s)− 1
)]
,
where we have adopted the microscopic variables (41).
This asymptotic relation was derived by Forrester, Na-
gao, and Honner [43] in a study of parametric random
matrix ensembles. Note that the first integral in the
above is equal to the Bessel kernel,
ζJν(ζ)Jν−1(ζ
′)− Jν−1(ζ)ζ′Jν(ζ′)
ζ2 − ζ′2 . (B2)
From the derivation the equivalence of (42a) and (B1)
was well established. However, it is worth directly prov-
ing it here for an unambiguous identification.
Using the Bessel function identities, we can readily see
that
t
∫ ζ
0
ds s Jν−1(ts) = ζ Jν(tζ) + (ν − 1)
∫ ζ
0
ds Jν(ts),
t
∫ ζ
0
ds Jν(ts) = −Jν−1(tζ) + Jν−1(0) + (ν − 1)
∫ ζ
0
ds
s
Jν−1(ts). (B3)
Substitution of Eq.(B3) into (42a) yields
S(z, z′) ∼ 2N
[
ζ
ζ′
∫ 1
0
dt t Jν(tζ)Jν(tζ
′) +
∫ 1
0
dt t (Jν−1(tζ)− Jν−1(0)) Jν−1(tζ′) + Jν(ζ
′)
ζ′
+
ν − 1
ζ′
∫ 1
0
dt t
∫ ζ
0
ds Jν(ts)Jν(tζ
′)− (ν − 1)
∫ 1
0
dt t
∫ ζ
0
ds
s
Jν−1(ts)Jν−1(tζ
′)
]
. (B4)
By partial integrations, we find
ζ
ζ′
∫ 1
0
dt t Jν(tζ)Jν (tζ
′) =
∫ 1
0
dt t Jν−1(tζ)Jν−1(tζ
′)− Jν−1(ζ)Jν (ζ
′)
ζ′
(B5)
and
1
ζ′
∫ 1
0
dt t
∫ ζ
0
ds Jν(ts)Jν(tζ
′) =
∫ 1
0
dt t
∫ ζ
0
ds
s
Jν−1(ts)Jν−1(tζ
′)−
∫ ζ
0
ds
s
Jν−1(s)
Jν(ζ
′)
ζ′
. (B6)
We substitute (B5) and (B6) into (B4) and obtain
S(z, z′) ∼ (B7)
2N
[
2
∫ 1
0
dt t Jν−1(tζ)Jν−1(tζ
′)− Jν−1(0)
∫ 1
0
dt t Jν−1(tζ
′)−
(
Jν−1(ζ) + (ν − 1)
∫ ζ
0
ds
s
Jν−1(s)− 1
)
Jν(ζ
′)
ζ′
]
.
Again by a partial integration, we find
Jν−1(ζ) + (ν − 1)
∫ ζ
0
ds
s
Jν−1(s) = Jν−1(0) +
∫ ζ
0
ds Jν−2(s) (B8)
8
and thus arrive at the desired result (B1) provided that ν is not equal to 1. Since Jν−1(0) = δν,1, the case ν = 1 is
exceptional.
Similarly, for z < 0, z′ > 0 and ν 6= 1, an alternative expression
S(z′, z) ∼ 2N
[
2
∫ 1
0
dt t Jν−1(tζ)Iν−1(tµ)− Iν(µ)
µ
(∫ ζ
0
ds Jν−2(s)− 1
)]
(B9)
in terms of the microscopic variables (43) is available.
APPENDIX C: QUATERNION KERNEL FOR
THE SYMPLECTIC ENSEMBLE
In previous [33] and this works, the Authors evaluated
Dirac eigenvalue correlation functions for the symplectic
ensemble with doubly degenerate masses. If masses are
quadruply degenerate, the evaluation of the correlation
functions is easier because the conventional integration
method for the massless Laguerre ensemble works with-
out any modification. In that case, the multiple integral
we need to evaluate is
Ξp(x1, . . . , xp; {m})
=
1
(N − p)!
∫ ∞
0
· · ·
∫ ∞
0
N∏
j=p+1
dzj
N∏
j=1
x2ν+1j e
−4xj (C1)
×
N∏
j=1
α∏
i=1
(xj +m
2
i )
4
N∏
j>k
| xj − xk |4,
where we set Nf = 4α and
{m} = (
4︷ ︸︸ ︷
m1, . . . ,m1, . . . ,
4︷ ︸︸ ︷
mα, . . . ,mα).
The conventional ‘massless’ theory [42,22,23,32] tells us
that the correlation functions are written in terms of
quaternion determinants:
σ(x1, . . . , xp; {m}) = Ξp(z1, . . . , zα+p)
Ξ0(z1, . . . , zα)
=
Tdet[f(zj , zk)]j,k=1,...,α+p
Tdet[f(zj , zk)]j,k=1,...,α
, (C2)
where we have adopted the notation (16).
The quaternion function f(z, z′) is represented as
f(z, z′) =
[
S(z, z′) I(z, z′)
D(z, z′) S(z′, z)
]
. (C3)
We evaluate the asymptotic limit of the quaternion func-
tion f(z, z′) in each of the three cases
(a) z, z′ > 0, (b) z < 0, z′ > 0, (c) z, z′ < 0,
as in Sect.2. in terms of the microscopic variables
ζ, ζ′, µ, µ′ defined by Eqs.(41), (43), (45), respectively.
(a) z, z′ > 0
In the case z, z′ > 0, Nagao and Forrester [22] derived
the asymptotic limit (55), that is
1
8N
S(z, z′) ∼ −S++(ζ, ζ′),
1
(8N)2
D(z, z′) ∼ D++(ζ, ζ′), (C4)
I(z, z′) ∼ −I++(ζ, ζ′),
where S++, D++, and I++ are defined in Eq.(54).
(b) z < 0, z′ > 0
Using the asymptotic formula for the Bessel function
(40), we can similarly treat negative argument cases to
obtain
1
8N
S(z, z′) ∼ −S−+(µ, ζ),
1
8N
S(z′, z) ∼ ζ
∫ 1
0
dt t2
∫ 1
0
du
(
J2ν(2tuζ)I2ν+1(2tµ)− J2ν(2tζ)u I2ν+1(2tuµ)
)
,
1
(8N)2
D(z, z′) ∼ −
∫ 1
0
dt t3
∫ 1
0
du u
(
I2ν+1(2tuµ)J2ν+1(2tζ)− I2ν+1(2tµ)J2ν+1(2tuζ)
)
, (C5)
I(z, z′) ∼ −I−+(µ, ζ),
where S−+ and I−+ are defined in Eq.(54).
(c) z, z′ < 0
9
18N
S(z, z′) ∼ µ
∫ 1
0
dt t2
∫ 1
0
du
(
I2ν(2tuµ)I2ν+1(2tµ
′)− I2ν(2tµ)u I2ν+1(2tuµ′)
)
,
1
(8N)2
D(z, z′) ∼ −
∫ 1
0
dt t3
∫ 1
0
du u
(
I2ν+1(2tuµ)I2ν+1(2tµ
′)− I2ν+1(2tµ)I2ν+1(2tuµ′)
)
, (C6)
I(z, z′) ∼ −I−−(µ, µ′),
where I++ is defined in Eq.(54).
We can use Dyson’s equality (A6) to see that the
above quaternion determinant expression is identical to
the limit of quadruple mass degeneracy of the general
formula (53a) employing Pfaffians. In this case, yet an-
other equivalent asymptotic formula was recently pre-
sented by Akemann and Kanzieper [34]. Now we shall
directly demonstrate the equivalence. We should firstly
note that, under the change of the quaternion elements
S(z, z′)→ S˜(z, z′) ≡ S(z, z′)− 1
W (z′)
dW (z′)
dz′
I(z, z′),
I(z, z′)→ I˜(z, z′) ≡ −
∫ z′
z
S˜(z, z′′)dz′′, (C7)
D(z, z′)→ D˜(z, z′) ≡ ∂
∂z
S˜(z, z′),
where
W (z) = |z|ν+1/2e−2z . (C8)
the quaternion determinant is unchanged. This transfor-
mation was introduced in Ref. [44].
For z, z′ > 0, we find an identity
ζζ′
∫ 1
0
dt t
∫ 1
0
duJ2ν(2tuζ)J2ν(2tζ
′) = ζ′
2
∫ 1
0
dt t
∫ 1
0
du
u
J2ν+1(2tuζ)J2ν+1(2tζ
′) +
ζ′
2
J2ν(2ζ
′)
∫ 1
0
du
u
J2ν+1(2uζ),
(C9)
by a partial integration. The asymptotic formulas (C4), together with the identity (C9), yield
S˜(z, z′) ∼ 2N
[
2
∫ 1
0
dt t J2ν+1(2tζ
′)
(
2tζ
∫ 1
0
duJ2ν(2tuζ)− (2ν + 1)
∫ 1
0
du
u
J2ν+1(2tuζ)
)
+2
ζ
ζ′
∫ 1
0
dt t J2ν(2tζ)
(
−2tζ′
∫ 1
0
du u J2ν+1(2tuζ
′) + (2ν + 1)
∫ 1
0
duJ2ν(2tuζ
′)
)
−(2ν + 1)J2ν(2ζ
′)
ζ′
∫ 1
0
du
u
J2ν+1(2uζ)
]
. (C10)
Partial integrations give rise to the Bessel function equalities
(2ν + 1)
∫ 1
0
du
u
J2ν+1(2tuζ) = −J2ν+1(2tζ) + 2tζ
∫ 1
0
du J2ν(2tuζ),
(2ν + 1)
∫ 1
0
duJ2ν(2tuζ
′) = J2ν(2tζ
′) + 2tζ′
∫ 1
0
du u J2ν+1(2tuζ
′). (C11)
Substituting (C11) into (C10) and using the formula (B5), we obtain
S˜(z, z′) ∼ 2N
[
4
∫ 1
0
dt t J2ν+1(2tζ)J2ν+1(2tζ
′) +
J2ν(2ζ
′)
ζ′
J2ν+1(2ζ)− (2ν + 1)J2ν(2ζ
′)
ζ′
∫ 1
0
du
u
J2ν+1(2uζ)
]
. (C12)
By a partial integration, we can rewrite it as
S˜(z, z′) ∼ 2N
[
4
∫ 1
0
dt t J2ν+1(2tζ)J2ν+1(2tζ
′)− J2ν(2ζ
′)
ζ′
∫ 2ζ
0
ds J2ν+2(s)
]
. (C13)
10
This is the asymptotic formula derived by Forrester, Na-
gao, and Honner [43] in a study of parametric random
matrices and then applied by Akemann and Kanzieper
[34] to the massive Dirac operator problem. Thus we
established the equivalence in the case of quadruply de-
generate masses. We can straightforwardly extend it to
the formulas with z and/or z′ negative.
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FIG. 1. The scaled spectral density ρs(ζ;µ) for the chiral orthogonal ensemble with one (α = 1) flavor.
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FIG. 2. The scaled spectral density ρs(ζ;µ, µ) for the chiral symplectic ensemble with two degenerate (α = 1) flavors.
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